Bounds on the kth eigenvalues of trees and forests  by Shao, Jia-yu
Bounds on the kth Eigenvalues of Trees and Forests 
Jia-yu Shao 
Department of Applied Mathematics 
Tongji University 
Shanghai, China 
Submitted by Richard A. Brualdi 
ABSTRACT 
We prove the upper bound h,(T) < dm for the k th largest eigenvalue 
of a tree T (1~ k Q [n /2]>, and show that this bound is best possible when n f 0 
(mod k). We further ohiain the strict inequality 
for the case n = 0 (mod k) (2 < k < [n /2]). 0 ur upper bound is also proved to be the 
best possible upper bound for the k th largest eigenvalues of the forests in all cases. 
1. INTRODUCTION 
A tree is a connected, acyclic graph. The eigenvalues of a graph G are 
those of its adjacency matrix A(G). If G is a graph with n vertices, then 
A(G) is a symmetric (O,l> matrix of order n, so the n eigenvalues of A(G) 
(and G) are all real, and we can order them as 
A,(G)b&(G)a *a* ah,(G). 
We call h,(G) the kth eigenvalue of G. 
It is well known that a tree T is always bipartite; its eigenvalues satisfy 
the following relation: 
A,(T) = - ‘,-i+,(T) (i=1,2 ,..., n), 
so we only need to study those eigenvalues A,(T) for k = 1,2,. . . , [n /2]. 
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A well-known fact is that h,(T) f fi, with equality if and only if T is 
the star Ki,,_i. Hong Yuan [l] studied the k th eigenvalue 1,(T) (2 ,< k ,< 
[n /2]) of a tree and obtained the following upper bound: 
He also showed that this bound is best possible when n E 1 (mod k). 
It is natural now to consider the following three problems for further 
studying the upper bounds of h,(T): 
PROBLEM 1. Is the upper bound (1) best possible when n f 1 (mod k)? 
PROBLEM 2. In case (1) is not best possible, how to improve (1) to 
obtain the best possible upper bound? 
PROBLEM 3. What is the best possible upper bound for k th eigenvalue 
of a forest? 
These three problems will be studied in this paper. Our main results are: 
1. The upper bound (1) can be improved to 
(2) 
This improved bound (2) is best possible for all 11 f 0 (mod k) and is best 
possible also for the case k = 1. 
2. For the case n = 0 (mod k) (2 < k < [n /2]>, the strict inequality in 
(2) holds, so (2) is not best possible in this case. 
3. For the case n = 0 (mod k) (2 < k < [n /2]), we further show that 
the bound (2) is an “asymptotically good” bound in the sense of Theorem 3. 
4. The bound (2) is also a best possible upper bound for k th eigenval- 
ues of forests. 
From results 1 and 2 we deduce that the upper bound (1) is not best 
possible for all n f 1 (mod k). 
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2. THE IMPROVED UPPER BOUND 
For simplicity, we call a tree with n vertices a tree of order n. 
The following well-known Cauchy interlacing theorem will play an impor- 
tant role in the estimation of h,(T). 
LEMMA 1 (Cauchy interlacing theorem). Let V’ be a k-vertex subset (i.e. 
a vertex subset with k vertices) of the graph G. Let G - V’ be the subgraph of 
G obtained by deleting all the vertices in V’ together with their incident edges. 
Then we have 
A,(G)ah,(G-V’)>Ai+k(G) (i=1,2 ,..., n-k). 
Proof. See [2]. 
LEMMA 2. Let T be a tree of order n. Then for any positive integer a, 
there exists a vertex v E V(T) such that there is one component of T - v with 
order not exceeding max(n - 1 - a, a), and all the other components of T - v 
have orders not exceeding a. 
Proof. Take a vertex vi E V(T), let T, be the lergest component of 
T -v~. If IV(T,)I<a, then all the components of T - vl have orders not 
exceeding a; thus the vertex u = 0, satisfies the requirement, so we may 
assume 
As T is a tree, there is a unique vertex (say, ve> in T, adjacent to vi. The 
component of T - v2 containing vi is T - V(T,) and has order lV(T)l- 
]V(T,)] < n - 1- a, while the other components of T - ve are just all the 
components of T, - v2. Let T, be the largest component of T, - v2. If 
IV(T,)I < a, then all the components of T, - v2 have orders not exceeding a, 
and v = va is a vertex as required. Thus we may further assume 
By the fact V(T,) G V(T,)\{v,], we also know that 
iV(T,) I> IV@‘,) 1. (5) 
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FIG. 1. 
Continuing the above process, we get a sequence of vertices of T: 
(f-3) 
and a sequence of subgraphs of T (where T,, = T): 
(7) T,,Tl,T,,...,Ti,Ti+l,..., 
satisfying the following two properties (see Figure 1): 
(i) T, is the largest component of Ti_, - vi. 
(ii> vi+ 1 is the unique vertex in Ti adjacent to vi. 
It can also be deduced from the above construction that the component of 
T-Vi+1 containing vi is just T - V(Ti), and the other components of 
T-v,+1 are just all the components of Ti - vifl. 
From (i) we see that V(T,+,) C V(T,)\(V~+~), so we have 
IVY-Iv(T,)(> -1. >Iv(T,)~>lv(T,+,)I> Y (8) 
thus there exists i, such that 
(9) 
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Now we have: 
(a) The component of T - zji,+i containing vi,) has order IV(T>I- 
IV(T,,>I f n - l- a. 
(b) All the other components of T - vi,+r have orders < IV(T,,+r)\ < a. 
Thus the vertex n = uiO+r satisfies the requirement, and the lemma is 
proved. W 
LEMMA 3. kt T be a tree of order n. Then for any positive integer k with 
1~ k < [n /2], there exists a (k - &vertex subset V’ L V(T) such that all the 
components of T - v’ have orders not exceeding [n/k]. 
Proof. The case k = 1 is trivial, so we may assume k > 2. Take a = 
[n/k] in Lemma 2. Then there exists a vertex vi E V(T) such that there is 
one component T, of T - vl of order n, = IV(T,)I < max(n - 1- a, a), and 
all the other components of T - v, have orders not exceeding a. 
We then use Lemma 2 for the tree T, and the same a = [n/k]. Then 
there exists vs E V(T,) such that there is one component T, of T, - v2 of 
order n, = IV(T,)I 6 max(n, - l- a, a), and all the other components 
of T, - v2 have orders not exceeding a. Thus we have one component T, of 
T -(v~,v,} with order n, and all the other components of T -{v,,v,) have 
orders not exceeding a. 
Continuing in this way, we get k - 1 vertices vr,. . . , v~_~ of T and 
subgraphs T = T,, T,, . . , Tk _ 1 of T such that vi E V(Ti_ 1), and there is one 
component Ti of T,_, - vi of order ni (where n, = n) which satisfies 
ni<max(nj_,-I-a,a) (i=I,...,k-1), (IO) 
and all the other components of T,_ 1 - vi have orders not exceeding a. 
From this we can also deduce that there is one component T, of 
T-{v 1,. . . , vi} with order n, satisfying (lo), and all the other components of 
T-{v 1,. . . , vi} have orders not exceeding a. Now we consider the following 
two cases: 
Case 1: There exists 1~ i < k - 1 such that ni Q a. In this case all the 
components of V-{v,,..., vi} have orders not exceeding a; thus we can take 
V’ as any (k - l)-vertex subset of T containing {v,, . . .,vJ to satisfy the 
requirement of the lemma. 
Case 2: n,>aforall l<i<k-1. In this case we know from (10) that 
ni < ni_l - 1- a (i=I,...,k-1). (II) 
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By noting a = [n /k] we obtain 
ka>k_i “-(:-‘))=n-(k-l), 





This contradicts the hypothesis of case 2.. So case 2 cannot occur, and only 
case 1 can occur. This completes the proof of Lemma 3. H 
Using Lemma 3 we can obtain the improved upper bound (2) for h,(T). 
THEOREM 1. Let T be a tree with n vertices. Then for 1~ k < [n /2], we 
have 
h,(T)< (2) 
and this bound is best possible for all n f 0 (mod k), and for k = 1. 
Proof. Using Lemma 3, we have a (k - l)-vertex subset V’ c V(T) such 
that all the components G,, . , G,of T-V’haveorders(saym,,...,m,)not 
exceeding [n/k]. Thus we can use the Cauchy interlacing theorem to obtain 
h,(T) Q h,(T -V’) = max h,(G,) < max 4s < 
1GiG.s IGiGS 
This proves the upper bound (2). 
JfnfO(modk),wewriten=tk+r(t=[n/k],l<r<k-l).Takea 
tree T * with n vertices as in Figure 2. Here T * is obtained by connecting 
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FIG. 2. 
the center u of a star Ki,,_i with the centers vi,. . .,ok of k mutually 
disjoint stars Ki,,_i. It is easy to see that 
A,(T*-u)= *.. =Ak(T*-U)=A,(K,,,-,)=J1-l, 
while by the Cauchy interlacing theorem we have 
hk_l(T*-u) ah,(P) >A,(T*-u). 
Thus 
This proves that the upper bound (2) is best possible when n + 0 (mod k). 
For k = 1, (2) is just the bound A,(T) < fi, which is well known to 
be the best possible upper bound. n 
If we compare the upper bounds (1) and (2) we see that for k L 2, we 
always have 
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so the upper bound (2) is in general better than (1). Also, noting that 
[;]-l<[y] (if n + 0,l (mod k)) 
and 
[+[!q (if n = 0,l (mod k)), 
we get that: 
1. For n Z 0,l (mod k), the bound (1) is not best possible, but the 
bound (2) is. 
2. For n = 1 (mod k), both bounds (1) and (2) are best possible. 
3. For n = 0 (mod k), the bounds (1) and (2) are equal. 
In the next section, we will prove that for n = 0 (mod k) and 2 < k < 
[n /2], both bounds (1) and (2) are not best possible, but nevertheless they 
are “asymptotically good” in the sense of Theorem 3. 
3. THE CASE N z 0 (MOD K) 
We first prove that when k = 2 and n is even, the bound (2) is not best 
possible. 
LEMMA 4. Fur any tree T with 2t vertices, we have 
A,(T) <fi. (12) 
Proof. By Theorem 1 (with n = 2t and k = 2) we already know that 
h,(T)< 
so we only need to prove that h,(T) # Jt-1. 
Take a = t - 1 in Lemma 2. Then there exists vi E V(T) such that there 
is one component T, in T - v1 of order not exceeding t, and all the other 
components of T - v1 have orders not exceeding t - 1. 
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If T, is not a star Kr,,_,, then h,(T,) < Jt-1, so 
in this case (12) holds. So we may assume that T, is a star Kr,,_ 1 of order t. 
Let oo2 be the (unique) vertex in T, adjacent to ur. Then there is one 
component T2 (containing ur> in T - u2 of order t, and all the other 
components of T - v2 have orders not exceeding t - 1. 
If T, is not a star Ki,,_i, then by the same argument we have 
&z(T) G A,(T - 02) Gmax(A,(T,),m) c&i; 
in this case (12) also holds. So we may further assume that T, is also a star 
Ki,,_i of order t. 
Since both T, and T, are the star K, f _ 1, we see that T is a tree which 
can be obtained by adding one edge to two disjoint stars K, t_-l (with two 
ends of this edge in different stars), and hence T is one of the three graphs 
G,,G,,Gs shown in Figures 3-5. By direct computation we get the charac- 
teristic polynomials of G,,G,,Ga as follows: 
&I(A) = A2’-4{A4 - (2t - l)A’ +( t -I)“}, 
&,(A) = A2’-4{A4 - (2t - 1)A2 + t2 - t -I}, 
We can easily verify that 
FIG. 3. 
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FIG. 4. 
FIG. 5. 
so &i is not an eigenvalue of G,, G,, or G,, hence not an eigenvalue of 
T. Therefore we have h,(T) z \lt-1, and the lemma is proved. W 
LEMMA 5. Let T be a tree with n vertices, where n = tk (2 < k < [n /2]). 
Then one of the following two situations occurs: 
A. There exists a (k - l)-vertex subset V’ of T such that all the compo- 
nents of T - V’ have orders not exceeding t - 1. 
B. There exists a (k -2)-vertex subset V” of T such that one of the 
components of T - V” has order 2 t and all the other components of T - V” 
have orders not exceeding t - 1. 
Proof. By the proof of Lemma 3, we see that for any positive integer a, 
there exist k - 1 vertices 01,v2,. . .,v~_~ of T such that for 1 Q i d k - 1, 
there is one component Ti of T - {vl,. . . , vi) having order n, with 
nj,<max(ni_l-l-a,a) (13) 
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(where n, = n), and all the other components of T -{or, . . . , vi} have orders 
not exceeding a. 
Now we take a = t - 1, and consider the following two cases: 
Case 1: There exists 1~ i < k - 1 such that ni < a. For this case, all 
the components of T - {v 1,. . , vi} have orders not exceeding a = t - 1; hence 
we can take V’ as any (k - l)-vertex subset containing {ol,. . . , vi} to fit 
situation A. 
Case 2: n,>aforany l<i<k-1. Thenby(13)wehave 
ni<ni_,-1-a (i=l,...,k -1). (14) 
We will prove that in this case equality holds in (14) for all i = 1,. . , k - 1. 
For otherwise, we will have 
*k-l - *O = i (ni-ni_,)<-(k-l)(a+l). 
i=l 
Then by noting a = t - 1 and no = n = tk we get 
nk-1 < n -1-(k-l)(a+l)=kt-1-(k-l)t=t-l=a. 
This contradicts the hypothesis ni > a (i = 1,. . . , k - 1) of case 2. Thus we 
have 
ni = ni_l -a-l=ni_l-t (i=l,...,k -1) 
and 
ni=(k-i)t (i=O,l,..., k-l). 
Sointhiscase,onecomponent Tk_2 of T-{v,,...,vk_a}hasorder nk_2=2t 
and all the other components have orders not exceeding a = t - 1. Thus we 
can take V” = {v 1,. . . , vk _ & to fit situation B. The lemma is proved. n 
We now use Lemma 4 and Lemma 5 to prove the strict inequality of the 
upper bound (2) in the case n = 0 (mod k). 
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THEOREM 2. Let T be a tree with n vertices, where n = tk, 2 < k < [n /21. 
Then we have 
n 
A,(T) < d-I- k -1. (15) 
Proof. From Lemma 5, we only need to consider situations A and B. If 
A holds, then 
A,(T)<h,(T-V’),<&=%m= 
and (15) is true. If B holds, let G, be the component 
vertices, and G,, . . , G, be the rest of the components of 
Gi (i = 1,. . , s> has order not exceeding t - 1, we have 
A,(G,) ,<\lt-2 (i=l,...,s). 
Also A,(G,) < Jt-1 by Lemma 4, so 
of T -V” with 2t 
T -v”. Since each 
A,(T) < A,(T -V”) 9max(A,(G,),A,(G,),...,A,(G,)) 
and therefore (15) is also true. This proves Theorem 2. 
By Theorems 1 and 2 we obtain: 
COROLLARY 1. Let n, k be integers with 2 Q k B [n/21 and n f 1 
(mod k). Then fm any tree T of order n, we have 
Thus the upper bound (1) is not best possible for n f 1 (mod k). 
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It is worth mentioning that, although the bound (2) is not best possible in 
the case n = 0 (mod k) (2 < k < [n /2]), it is still an “asymptotically good’ 
upper bound in the following sense: 
THEOREM 3. For any positive integers n, k with 2 < k < [n /2], n e 0 
(mod k ), n = tk, and t > k, there exists a tree T with n vertices such that 
/x<Ak(T)<m (where t=[E]). (16) 
Proof. We first take k disjoint stars K1,,_ I (say T,, . , Tk) with centers 
ur ,..., uk and choose ui E V(T,)\{u,) (i = l,..., k), then add the edges 
[v,,v,] (i = 2 ,..., k) to obtain a tree T with n vertices as shown in Figure 6. 
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Let A,(f)> A,(f)> h,(f) be the th ree (real) roots of f(y). Then it is 
not difficult to see that h,(f) > 0 > A,(f). Thus we have 
A,(T) = . . - =Ak_l(T) =&i, 
and 
A,(T)=+l+A,(f) 
Now f(O) = -(k - 1) < 0, but 
so we have 
and we get the inequality 
A,(T)=dm> t-l- / Jz 
The other inequality of (16) follows from (15). This completes the proof of 
the theorem. n 
REMARK. If we fix k and let t --)m (that is, n + m), then 
In this sense, by comparing the left hand side and the right hand side of (16), 
we can say that the upper bound (2) is “asymptotically good” in the case 
n=O(mod k). 
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4. THE kTH EIGENVALUE OF A FOREST 
In this section we show that the upper bound (2) also holds for forests. 
Indeed, this is the best possible upper bound on the kth eigenvalue of a 
forest for both cases n f 0 (mod k) and n = 0 (mod k). 
THEOREM 4. .?it n, k be positive integers with 1 < k < [n /2]. Then fm 
any forest F with n vertices, we have 
A,(F)< (18) 
and this bound is best possible in all cases. 
Proof. Let the components of F be G,, . . , G,,, with orders nl, . , n,, 
where x:1 1ni = n. Suppose on the contrary that 
&(F)> 












n 2 2 nil > E ,$ kij = n, 
j=l 3-l 
which is a contradiction. This proves (18). 
To prove that (18) is the best possible upper bound, we write n = tk + r, 
where t = [n/k] and 0 < r < k - 1. Take a forest F* of order n consisting of 
k disjoint stars K, 1_-1 together with T isolated vertices. Then it is easy to see 
that 
A,(F*) =h,(K,,,_,) =&i= d-r f -1. 
This example shows that (18) is the best possible upper bound for k th 
eigenvalue of a forest. n 
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